Abstract. The nilpotency degree of a relatively free finitely generated associative algebra with the identity x n = 0 is studied over finite fields.
Introduction
We denote by X d ⊂ X the semigroups (without unity) freely generated by letters x 1 , . . . , x d and x 1 , x 2 , . . ., respectively. Elements of X are called words. Let F X d and F X be the vector spaces over the field F with the bases X d and X , respectively. Note that elements of F X d and F X are finite linear combinations of words from X d and X , respectively. Denote by
the relatively free finitely generated associative algebra with the identity x n = 0. The connection between this algebra and analogues of the Burnside problems for associative algebras suggested by Kurosh and Levitzky is discussed in recent survey [19] by Zelmanov. The algebra N n,d also plays a crucial role in the construction of minimal systems of generators for algebras of polynomial invariants of several matrices (see [3] , [9] , [10] , [11] , [12] ). It is well-known that N n,d is a nilpotent algebra. For example, it follows from the Shirshov Height Theorem [17] and the fact that (1) L 1 n (a 1 , . . . , a n ) = σ∈Sn a σ(1) · · · a σ(n) , the complete linearization of x n , is equal to zero in N n,d (see below for the details). We write C n,d = min{c > 0 | a 1 · · · a c = 0 for all a 1 , . . . , a c ∈ N n,d } for the nilpotency degree of N n,d . Since C 1,d = 1 and C n,1 = n, we assume that n, d ≥ 2 unless otherwise stated. To specify the field F, we write N In characteristic zero case of the field F we have 1 2 n(n + 1) ≤ C n,d ≤ n 2 , where the lower bound was established by Kuzmin [7] and the upper bound was given by Razmyslov [14] . Kuzmin also conjectured that C n,d = 1 2 n(n + 1), which was shown to be true for n ≤ 4 by Vaughan-Lee [18] . The case of n = 5 and d = 2 was considered by Shestakov and Zhukavets [15] . An English translation of Kuzmin's result can be found in books [1] and [5] .
The difference of the case of positive characteristic of F from the case of zero characteristic is due to the fact that in the latter case any relation for N n,d belongs to the ideal generated by L 1 n , which in general is not the case in positive characteristic. As the result, in case 0 < char F ≤ n we have C n,d → ∞ as d → ∞ by [3] . Recently, Belov and Kharitonov [2] established the that C n,d ≤ 2 18 · n 12 log 3 (n)+28 d. In the case of an infinite field F with char F > n 2 Lopatin [13] proved that C n,d < 4 · 2 n 2 d. See Remark 4.8 of [13] for the comparison of these two upper bounds.
Given a field F of characteristic p ≥ 0, the nilpotency degree C n,d is known for n = 2 for an arbitrary F (for example, see [3] ) and for n = 3 for an infinite F (see [8] and [9] ):
. Moreover, in case F is infinite Lopatin explicitly described an F-basis for N 3,d (see [9] ) and calculated C 4,d with deviation three for all d under assumption that p = 2 (see [13] ).
In the case of an infinite field F all partial linearizations of x n are relations for N n,d , which in general does not hold in the case of a finite field. For an arbitrary field of characteristic p Eick [6] obtained the following results:
• if p > n, then C n,d is the same as in the case of an infinite field of the same characteristic; • C 3,d is computed for p = 2, 3 and d ≤ 4; • C 4,2 is calculated for p = 2, 3, 5 and C 5,2 is calculated for p = 0, 2, 3, 5, 7. In this paper we extend the mentioned results as follows. Let F be an arbitrary field and L be an infinite field with char F = char L. Then
• in case #F ≥ n we have C
(see Section 3). We also explicitly described an F-basis for N 
General case
We start with some notations. Let N = {1, 2, . . .}, N 0 = N ⊔ {0}, Z be the ring of integers, and F * = F\{0}. For an a ∈ X d and a letter x we denote by deg x (a) the degree of a in the letter x, by mdeg(a) = (deg x1 (a), . . . , deg x d (a)) the multidegree of a, and by deg(a) = deg x1 (a) + · · · + deg x d (a) the degree of a. As usually, the degree of f = i α i a i ∈ F X d is the maximum of degrees of words a i . For short, we write 1 n for multidegree (1, . . . , 1) (n times). Given α = (α 1 , . . . , α r ) ∈ N r 0 , we set #α = r, |α| = α 1 + · · · + α r . Given a prime p, denote by F p the field with p entries. In case p = 0 we set F p = Z.
We define
n , where α i ∈ F. Note that L θ (x) is a non-zero element of F X . We say that L θ (x) is the partial linearization of x n of multidegree θ. As an example, see above formula (1) for L 1 n .
Remark 2.1. If F is infinite, then by the standard Vandermonde arguments (or see the proof of part (a) of Theorem 2.5 below) we obtain that the ideal of relations for N n,d is generated by L θ (a) for |θ| = n and a i ∈ X d for all i. 
Definition 2.3 (of Frobenius partial linearization).
Assume that F is finite and q = #F. Given δ ∈ N r with |δ| = n, we say that the Frobenius partial linearization of x n of multidegree δ is
where θ ranges over vectors from N r satisfying
• |θ| = n;
As an example, if n = 5 and #F = 3, then (1) , . . . , x σ(r) ) for all permutations σ ∈ S r , where σθ stands for (θ σ(1) , . . . , θ σ(r) ). Similar remark holds for F δ (x). We will use these remarks without references to them.
r with |θ| = |δ| and θ i ≡ δ i (mod q − 1) for all i, where ≥ stands for the usual lexicographical order on N r .
Remark 2.4. For q = #F we have that
is a summand of F δ (x) for one and only one q-maximal vector δ ∈ N r with |δ| = n; (c) for every δ ∈ N r there exists a q-maximal ν ∈ N r satisfying F δ (x) = F ν (x) and |δ| = |ν|. Theorem 2.5. Assume F is finite and q = #F. Then the ideal of relations for N n,d is generated as a vector space over F by uf (a 1 , . . . , a r )v for all a 1 , . . . , a r ∈ X d , u, v ∈ X # d and f ∈ S, where the set S is defined as follows:
We split the proof of the theorem into several lemmas. Given 1 ≤ r ≤ n, denote
where the sum ranges over all θ ∈ N r with |θ| = n.
Proof. We prove by the inducton on r. If r = 1, then P 1 (a 1 ) = a
Assume that for all 1 ≤ k < r we have
n is equal to
where the second sum ranges over all 1 ≤ i 1 < · · · < i k ≤ r, the induction hypothesis completes the proof.
Lemma 2.7. Let F be finite and q = #F. Then F δ (a) = 0 in N n,d for every δ with |δ| = n and a i ∈ F X d for all i. In particular, in case q ≥ n we have L θ (a) = 0 in N n,d for all θ with |θ| = n and a i ∈ F X d .
Proof. By part (c) of Remark 2.4, without loss of generality we can assume that δ ∈ N r is a q-maximal vector, where r > 0. Let {δ = δ 1 , . . . , δ k } be the set of all pairwise different q-maximal vectors of N r with |δ i | = n. By part (b) of Remark 2.4, we obtain
for all i and j. By the equality α q−1 = α 0 in F, for α 1 , . . . , α r from F we have
r . Denote by (E α ) the following linear equation in variables y 1 , . . . , y k :
Consider the system of all linear equations (E α ), where α 1 , . . . , α r range over the set of non-zero elements of F.
Consider some non-zero elements α 2 , . . . , α r from F. For 0 ≤ s ≤ q − 2 denote
where the sum ranges over all 1 ≤ j ≤ k with ν j 1 = s. In case ν j 1 = s for all j we set z s = 0 and say that z s is trivial. Since 0 ≤ ν F by ξ 1 , . . . , ξ q−1 . Therefore, B · (z 0 , . . . , z q−2 ) T = 0 for the Vandermonde matrix
Then det(B) = 1≤i<j<q (ξ j − ξ i ) is not zero and z 0 = · · · = z q−2 = 0 for all α 2 , . . . , α r . Then for every non-trivial z s we consider the system of linear equations z s (α 2 , . . . , α r ) = 0, where α 2 , . . . , α r range over the set of non-zero elements of F. Note that for every 1 ≤ j ≤ k the variable y j appears in one and only one such system of linear equations. Repeating the above reasoning for α 2 , α 3 and so on, we finally obtain that y 1 = · · · = y k = 0. Lemma 2.6 concludes the proof of the first part of the lemma. The second part follows from part (a) of Remark 2.4. Now we can proof Theorem 2.5.
Proof. By part (b) of Remark 2.4, for a 1 , . . . , a k from X d and α 1 , . . . , α k from F we have
where δ ranges over q-maximal vectors from N r with |δ| = n and ϕ ranges over strictly increasing maps 1, r → 1, k. Since (a 1 , . . . , a r ), Lemma 2.7 implies that the ideal of relations for N n,d is generated by all F δ (a) with q-maximal δ satisfying |δ| = n and a i ∈ X d . Parts (a) and (c) of Remark 2.4 complete the proof of parts (a) and (b) of the theorem, repectively.
Example 2.8. In the formulation of Theorem 2.5 the set S is the following one:
• if #F = n − 1, then S consists of L n−1,1 + L 1,n−1 and L θ for all ordered θ with |θ| = n and θ = (n − 1, 1);
Corollary 2.9. Assume F is a finite field and L is a finite or infinite field with char F = char L = p and #F < #L.
1. Let #F < n and #L < n. If l|t for #F = p l and #L = p t , then C
Proof. In part 1 we can assume that F ⊂ L, which implies the required. Consider parts 2 and 3 of the theorem. Theorem 2.5 and Remark 2.1 imply that the ideal of relations for N
The proof is completed.
3. The case of x 3 = 0
In this section we investigate N F 3,d for any field F. In the case of an infinite field F, the nilpotency degree and a basis for N F 3,d were established in [9] developing ideas from [8] . By Theorem 2.5 and Remarks 2.1 and 2.2, in the case of #F > 2, the nilpotency degree and a basis consisting of words are the same as in the case of infinite field of the same characteristic. So the only case that is left to consider is the case of F = F 2 .
The proof of this theorem is given at the end of the section. We will use the following remark to obtain relations for N n,d . Remark 3.4. Define the inversion * on F X as follows:
* a * for all a, b ∈ X and * : F X → F X is a linear map. Then for any relation f ∈ F X d for N n,d we have that f * is also a relation for N n,d .
In the rest of this section we assume that F = F 2 unless otherwise stated. By Theorem 2.5 and Example 2.8, we have
Moreover, the ideal of relations for N 3,d is generated by x 3 and left hand sides of equalities (2) and (3) for x, y, z ∈ X d . Note that L 111 (x, y, z) = xyz + xzy + yxz + yzx + zxy + zyx and L 21 (x, y) = x 2 y + xyx + yx 2 . By the straightforward calculation we can see that
By Remark 3.4, we have
Proof. In this proof we work in N 3,d . It is convenient to rewrite equalities (4) and (5) as follows (6) xyzy = xy 2 z + xzy 2 + L 21 (y, xz),
respectively. Making a substitution z → yz in (7), we obtain
Application of (7) to yx 2 yz gives us
Making substitutions y → yz and z → y in (7), we obtain
Application of (6) to x 2 yzy and the equality yzx
Consider L 21 (xy, z) = xyxyz + zxyxy + xyzxy. Applying (8), (9), (10) to the first, second and third summands of L 21 (xy, z), respectively, we obtain
By equalities (2) and (3),
Consider a, b from the formulation of the lemma. Let us recall that deg(a) > 1. We set a = xy for x, y ∈ X d such that
• if deg(a) is even, then deg(x) = deg(y) = r ≥ 1;
• if deg(a) is odd, then deg(x) = r + 1 and deg(y) = r ≥ 1. We have L 21 (a, b) = f (x, y, b). Note that f (x, y, b) is a sum of words of degrees
For short, we write s for deg(b). In the case of even deg(a) we have k 0 = 4r + s, k 1 = k 2 = 5r + 2s and in the case of odd deg(a) we have k 0 = 4r + s + 2, k 1 = 5r + 2s + 1, k 2 = 5r + 2s + 4. Hence, the claim is proven and L 21 (a, b) ≈ 0.
Proof. Assume that u = v = 1. In case deg(a) > 1 the required statement follows from Lemma 3. (3) has degree three, then the rest of summands of this relation have degree three. Therefore, N Let us remark that the case of #F ≥ n is considered in Corollary 2.9. In this section we investigate the case of field F with n − 1 elements.
We split the proof of the theorem into several lemmas. The following lemma is a modification of Lemma 1 of Chapter 6 of [16] .
Proof. For short, we write x for x 1 and y for x n+1 . In Z X holds
Note that two elements of Z X are equal to each other if and only if its homogeneous components with respect to the multidegree are equal to each other. Thus, making the substitution x → x 1 + · · · + x n in the above equality and taking the homogeneous component of multidegree 1 n+1 (i.e. of degree one in each of letters
We make substitutions x 2 → y, . . . , x n → y and recall that x 1 = x. Thus in Z X we have By (12) , the second summand of the right hand side of (13) is equal to (n − 2)
in Z X . Obviously, we can divide (14) by (n − 1)!. As the result, we obtain that the required equality hold over Z and, therefore, it holds over F.
In the rest of this section we assume that #F = n−1 and n ≥ 3. By Theorem 2.5 (see also Example 2.8), in N n,d we have
. . , x r ) = 0, where #θ = r, |θ| = n and θ ∈ {(1, n − 1), (n − 1, 1)}.
Lemma 4.3. In case #F = n − 1 the following equalities hold in N n,d :
Proof. We can assume that x = x 1 , y = x 2 , and z = x 3 . By Lemma 4.2,
in F X . Note that two elements of F X are equal to each other if and only if its homogeneous components with respect to the multidegree are equal to each other. Thus, making the substitution y → y + z in the above equality and taking the homogeneous component of multidegree (1, n − 1, 1) (i.e. of degree one in x, z and degree n − 1 in y), we obtain
in F X . Applying (16) 
